Fluid dynamics in intrinsically curved geometries is encountered in many physical systems in nature, ranging from microscopic bio-membranes all the way up to general relativity at cosmological scales. Despite the diversity of applications, all of these systems share a common feature: the free motion of particles is affected by inertial forces originating from the curvature of the embedding space. Here we reveal a fundamental process underlying fluid dynamics in curved space: the free motion of fluids, in the complete absence of solid walls or obstacles, exhibits loss of energy due exclusively to the intrinsic curvature of space. We find that local sources of curvature generate viscous stresses as a result of the inertial forces. The curvature-induced viscous forces are shown to cause hitherto unnoticed and yet appreciable energy dissipation, which might play a significant role for a variety of physical systems involving fluid dynamics in curved spaces.
In many physical systems, the collective motion of particles can be described by a viscous fluid flow in the hydrodynamic limit. For example, lipid bilayers in microbiology [1] [2] [3] [4] , which constitute the envelope of most of the cell components, behave effectively as a two-dimensional fluid on a curved surface [1, [5] [6] [7] . Further applications are curved two-dimensional fluid interfaces, e.g. molecular films around emulsions or aerosol droplets, foam bubbles [8, 9] , and, on larger scales, the Earth's atmosphere and the photosphere of the sun [10, 11] . Furthermore, electron transport through curved 2D graphene sheets follows the Navier-Stokes equations in the hydrodynamic regime [12] . Finally, curved soap films provide a dailylife application of 2D flow on curved surfaces [13] [14] [15] [16] . As an illustration, the left half of Fig. 1 shows a soap film, spanned between two vertical wires. With a gentle jet of air we create an out-of-plane curvature, distorting the laminar stream, as can be clearly seen by the colored filaments of the soap film. On the other hand, the right half of Fig. 1 shows our numerical simulation of the soap film experiment, showing similar patterns, where the colors depict the vorticity of the flow, being directly coupled to the thickness of the soap film [17] . As one can appreciate, the vorticity field is amplified in the center, implying velocity gradients and shear next to the curvature. In this paper, we analyze this effect in more detail and show that spatial curvature itself generates viscous forces leading to curvature-induced energy dissipation.
In order to gain a deeper understanding of the underlying process, we consider a smooth curvature source, described by the metric tensor g ij = (1 + δg) δ ij with a Gaussian perturbation δg( r) = −a 0 exp(− r − r 1 2 /2r 2 0 ), where r 1 denotes the center position, a 0 the amplitude and r 0 the width of the perturbation. The corresponding curvature field can be quantified by the Ricci curvature scalar, as depicted in the upper plot in Fig. 2 . As one can see, the positive curvature field causes an attractive
FIG. 1. Left:
Experimental realization of flow down a curved soap film. The soap film is spanned between two vertical wires and flows downwards, driven by gravity. The bump in the center is produced by a gentle jet of air (obtained blowing through a straw) inducing a local out-of-plane curvature. The colored patterns originate from the thickness variations of the soap film, which are directly correlated with the vorticity field of the flow [17] , and thus provide an excellent visualization of the film motion. As can be seen, the incoming laminar stream is considerably distorted at the curved bump. Right: Numerical simulation of the soap film with a Gaussian curvature bump in the center, showing similar patterns. The colors represent the vorticity field of the flow and correspond to the interference pattern of a real soap film, illuminated by white daylight. As can be seen, there are visible, quadrupol-shaped distortions in the vorticity field next to the curvature source, induced by the inertial forces. Deviations from the experiment originate mainly from the fluid-air interaction which is not taken into account in the simulation.
inertial force field, focusing the geodesic lines γ(t), calculated from the geodesic equation ∇γγ = 0, towards the center. The simulation of the fluid is based on the , and the kinematic viscosity of the fluid is set to ν = 0.185 (all quantities are given in numerical units). At the inlet (x = 0) and outlet (x = Lx), open boundary conditions have been applied, whereas periodic boundary conditions are used in y-direction in order to avoid dissipative effects originating from boundary walls. Upper figure:
The Ricci curvature scalar R, i.e. the strength of the curvature. The white lines represent the geodesic lines originating parallely from the inlet. As can be seen, the convex curvature field exerts a focusing effect on the geodesics, caused by the attractive inertial force field. Lower figure: The colors represent the local energy dissipation function ψ = (∇iuj) σ ij in the stationary state, where σ ij denotes the viscous stress tensor. The dissipative effect around the curvature source is clearly visible, and the dissipation function shows a similar quadrupol pattern as the vorticity field in Fig. 1 . The white lines represent the simulated flow streamlines, which are narrowed around the metric perturbation, thus inducing larger velocity gradients between adjacent fluid layers. The corresponding Reynolds number of the system is defined by Re = 2r0Φ/ν ≈ 0.6, where Φ = 1 S S ρ u x √ g dy denotes the mass flow, evaluated on an arbitrary channel cross-section S.
covariant Navier-Stokes equations,
characterizing the time evolution of the fluid density ρ and velocity u on a manifold, equipped with a metric tensor g ij and a covariant derivative ∇. Here, P denotes the hydrostatic pressure and σ ij the viscous stress tensor,
given by
where ν denotes the kinematic viscosity. We find that the flow, interacting with the curvature source, converges to a stationary equilibrium state after sufficient time, even though we consider an open system where the fluid is continuously driven by the constant pressure drop. The lower plot in Fig. 2 shows the corresponding velocity streamlines in the stationary state, which are bent towards the center of the metric perturbation by the inertial forces, thus introducing larger velocity gradients ∇ i u j between adjacent fluid layers. Consequently, viscous stresses are generated within the fluid, explaining the convergence to the steady state, as the viscous forces oppose the pressure drop. At the same time, the presence of viscous stresses causes an irreversible dissipation of energy, which can be measured locally by the dissipation function ψ = (∇ i u j ) σ ij , as depicted in the lower plot in Fig. 2 . The deviation of the velocity streamlines from the geodesic lines is explained by the fact that in a viscous fluid the flow is affected by interparticle collisions, whereas geodesics only represent the trajectories of non-interacting free-falling particles.
In an experiment with a soap film of width L = 10cm, height h ≈ 1µm, mass density ρ =≈ 10 −6 g/cm 2 and effective 2D dynamic viscosity µ ≈ 10 −9 Pa m s, nylon threads are used to constrain the soap film, which we account for by applying no-slip boundary conditions, providing an additional source of dissipation [14, 15] . In order to find the relative magnitude of the curvatureinduced dissipation for a metric perturbation of range r 0 ≈ 1cm, we compare the dissipation in a flat soap film to the dissipation in the curved film, finding that the average dissipation increases by about 1% from ψ 0 = (6.348 ± 0.002) · 10 −8 J/s m 2 (flat film) to ψ = (6.392 ± 0.002) · 10 −8 J/s m 2 (curved film). This might seem a small correction, but it grows significantly with the number and strength of the metric perturbations, thus leading to non-negligible effects. For a system with 16 randomly arranged metric perturbations, for example, the dissipation increases to about 12%.
While in a soap film experiment, the flow is strongly affected by the confining wires, adding a significant source of dissipation to the flow, we are numerically able to study curvature-induced dissipation in open systems without boundaries by using numerical simulations. curvature-induced viscous forces, ∇ j σ ij ≈ ν∇ j ∇ j (ρu i ), originating from the viscous stress tensor and thus from the shear ∇ j u i induced between adjacent fluid layers. For stronger mass flows, Φ 0.04, the transport law in Fig. 4 requires a non-linear correction, originating from the terms quadratic in the velocity ∼ ∇ j (ρu i u j ). In this regime, the quadratic terms ∼ Γ i jk ρu j u k begin to dominate over the viscous forces, causing a break down of the FIG. 5. Dependence of the reciprocal permeabilities α and β on the geometry. Insets: α and β as function of the amplitude a0, dimensionless range ε = r0/λ and number density n = N/V of the metric perturbations. Main plot: Data collapse when plotting α and β as function of the dimensionless average metric perturbation K = a0n(ε 2 −ε 2 0 ) for ε0 ≈ 1.3. As can be seen, α and β increase linearly with the average metric perturbation, and the solid lines represent linear fits (see appendix for the fitting coefficients). Consequently, the permeability of the medium decreases with increasing strength of the metric perturbation. In all plots, the error bars originate from fitting the non-linear transport law, |∇P | = αν Φ+β Φ 2 , to our data. linear law. This becomes clearer when plotting the ratio between the shear stress and the kinetic energy, expressed by the friction fractor f = |∇P |/Φ 2 d, as function of the Reynolds number Re = 2r 0 Φ/ν, as depicted in the lower inset of Fig. 4 . Finally, the upper inset of Fig. 4 depicts the dependence of the flux on the viscosity, measured at constant pressure drop, finding an anti-correlation between Φ and ν. All these results can be summarized in the following transport law, describing both the linear regime and the non-linear effects:
where α and β are parameters, which can be interpreted as reciprocal permeabilities, and ν denotes the kinematic viscosity. Interestingly, Eq. (2) is similar to the DarcyForchheimer's law for porous media [18, 19] , where the dissipation originates from the interaction of the flow with solid obstacles. However, there are major physical differences regarding the underlying mechanisms in the two types of media. In a porous medium, the obstacles are impermeable solid structures, while the fluid motion is governed by the Navier-Stokes equation in flat space. In a curved medium, however, the background space itself is curved, inducing inertial forces, viscous stresses and thus dissipation. Furthermore, since the metric perturbations are permeable to the fluid, the flow typically does not form sharp channel-like paths as in a porous medium.
In order to formulate a transport law for general geometries, we study the dependence of the coefficients α and β on the parameters of the curved space. We have performed simulations for a wide range of metric parameters by varying the amplitude a 0 , the range r 0 and the number density n = N/V of the metric perturbations, where V denotes the volume of the curved space. We observe that all the data collapse onto a single common curve when plotting α and β as function of the non-dimensionalized average metric perturbation K = a 0 n(ε 2 − ε decrease with the average strength of the metric perturbation. This behavior agrees with our expectation, since the stronger the metric perturbations in the medium, the larger the effective resistance against the flow will be. Summarizing, we have presented a fundamental physical process inherent to fluid dynamics in curved space, namely curvature-induced dissipation. We have shown that local sources of curvature generate viscous stresses, which tend to narrow or widen the streamlines and thus introduce velocity gradients between adjacent fluid layers, leading to an irreversible dissipation of energy. In order to demonstrate the far-reaching consequences of curvature-induced dissipation, we have studied media with randomly-distributed curvature sources. We have observed that the flow converges to a stationary equilibrium state solely due to curvature-induced dissipation. As a consequence, the flow has been found to satisfy a non-linear transport law, |∇P | = αν Φ + β Φ 2 , where the reciprocal permeabilities α and β are linearly correlated with the average metric perturbation in the medium.
The present work might have important implications on physical systems described by hydrodynamics on curved manifolds. For example, curvature-induced dissipation is expected to influence the two-dimensional fluidity and thus the biological function of curved lipid bilayers, constituting the cell membranes. In particular, the diffusive motion of the tracer particles used to measure the membrane viscosity [20] is probably affected by the curvature. Furthermore, curvature-induced dissipation might influence astrophysical hydrodynamic processes, such as gas dynamics in stars or clouds, and might even play a role in controversial cosmological questions concerning e.g. the fluid dynamical description of dark matter and dark energy [21, 22] or the energy conservation in the universe. cussions concerning the experimental realizations of soap films.
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APPENDIX Method

Lattice Boltzmann method in curved space
Flow through curved space is modeled by the lattice Boltzmann (LB) method on manifolds [23] [24] [25] , based on the LB equation
This equation describes the evolution of the distribution function f λ in space and time according to kinetic theory on manifolds, characterized by the metric tensor g ij . All quantities are discretized on the two-dimensional D2Q17-lattice, consisting of 17 lattice vectors {c λ } 17 λ=1 per node. While the left-hand side of the LB equation represents free streaming, the right-hand side accounts for collisions and inertial forces on the manifold. Collisions are described by the BGK collision operator C λ = −(f λ −f eq λ )/τ [26] , where τ is the relaxation time and f eq λ the MaxwellBoltzmann equilibrium distribution in curved space. On the other hand, the inertial forces on the manifold enter the LB equation through the forcing term F λ . In the hydrodynamic limit, the LB equation flows into the covariant Navier-Stokes conservation equations,
where the macroscopic fluid density ρ and fluid velocity u are obtained by taking the moments of the distribution function,
Here, the generalized sum λ := √ g λ represents the (discretized) momentum-space integral in curved space, where the factor √ g, the square root of the metric determinant, originates from the volume element on general manifolds. The energy-stress tensor T ij = Π eq,ij − σ ij is composed of the free momenum-flux tensor Π eq,ij and the viscous stress tensor σ ij :
where P = ρ θ denotes the hydrostatic pressure, θ the normalized temperature (we work in the isothermal limit θ = 1), g ij the inverse metric tensor, ν = c the lattice specific speed of sound.
The equilibrium distribution f eq λ as well as the forcing term F λ are expanded into an orthonormal polynomial basis (tensor Hermite polynomials [27] ) in order to recover their macroscopic moments exactly up to third order through Gauss-Hermite quadrature. Explicitly, the tensor Hermite polynomials are given by
and satisfy the orthogonality relation up to third order (for the given third-order D2Q17-lattice):
where n, m = 0, 1, 2, 3 and H The expanded equilibrium distribution reads
where the expansion coefficients are given by where ∆ ij := g ij − δ ij . The corresponding moments read
The inertial forces on the manifold enter the LB equation through the forcing term F λ , which needs special treatment in order to cancel spurious discrete lattice effects in the hydrodynamic equations (cf. [28] ). To this end, we employ the trapezoidal rule for the time integration in the LB equation by using an improved forcing term:
where F λ is expanded in Hermite polynomials,
with expansion coefficients
The corresponding moments of the forcing term are given by
With the improved forcing term, the Navier-Stokes equations are recovered at second order in space and time, as will be shown in the following section. This significantly improves the accuracy of the results. The advantage of this force correction scheme, as compared to the commonly used scheme by Guo et al. [28] , is that the macroscopic moments (density ρ, velocity u etc.) are not modified and thus retain their original physical meaning. Moreover, for the special forcing term used in our model, a modification of the macroscopic moments according to Ref. [28] would require solving a complicated system of equations for ρ and u. With our method, such modifications of the macroscopic moments are dispensed by employing the trapezoidal rule for the time integration in the lattice Boltzmann equation.
Simulation setups
For the simulations performed for this Letter, we use a discretization step ∆t = 0.5 (corresponding to 256 × 128 grid points) and set the fluid viscosity to ν = c 2 s /2 ≈ 0.185, which fixes the relaxation parameter τ accordingly. At the inlet and outlet, we use a non-equilibrium extrapolation method, Ref. [29] , to impose open boundaries with a pressure gradient, driving the fluid towards the outlet. No-slip boundaries (walls) are implemented by imposing zero flow velocity in the equilibrium distribution.
For the soap film simulation depicted in Fig. 1 in the Letter, a different set of simulation parameters is used: The channel is modeled by a grid of 512 × 128 lattice points with an out-of-plane Gaussian curvature of amplitude a 0 = 15 and width r 0 = 28 (all quantities are given in numerical units), using open boundaries at the top and bottom of the channel, and no-slip boundary conditions at the wires. The flow is driven by a pressure gradient of ∇P = 9.2 × 10 −10 , and the vorticity field is measured with a finite difference method at time t = 1800. The colorbar is taken from Ref. [30] and corresponds to the real thickness-dependent colors of a soap film with refraction index n = 1.33, illuminated by white daylight (Illuminant D65).
Chapman-Enskog expansion
In the following section, we prove that in the hydrodynamic limit, our curved-space lattice Boltzmann equation flows into the covariant Navier-Stokes equations with second order accuracy in space and time. To this end, we will use the following abbreviations for readability:
where √ g denotes the square root of the metric determinant, Γ 
Plugging everything into Eq. (3) and comparing orders of ε, we obtain the following equations:
Moments of Eq. (14-15)
Taking the moments of Eq. (14) yields:
where
where we have used the identity
where σ (1),ij , the viscous stress tensor (rescaled by ε), is defined as
λ .
The explicit expression for the viscous stress tensor will be derived later.
Continuity Equation
For the continuity equation, we add ε·(16) and ε 2 ·(18):
After inserting the explicit expression for A (10), we obtain the correct continuity equation:
where ∇ denotes the covariant derivative.
Momentum Equation
Adding ε · (17) and ε 2 · (19) yields the momentum conservation equation:
Inserting the explicit expression for B i (11) and Π (0),ij = Π eq,ij (7) yields the familiar Navier-Stokes equation:
Viscous Stress Tensor
For the derivation of the viscous stress tensor σ ij , we rewrite
where we have assumed that τ − 
t Π (0),ij ≪ 1. After plugging in the explicit expressions for Σ eq,ijk (8) and C ij (12), we obtain the familiar expression for the viscous stress tensor:
where we have defined ν := τ − 
Finite resolution study
In order to proof the physicality of our lattice Boltzmann simulations, we have performed a finite resolution study. To this end, we have measured the transport law, |∇P | = αν Φ + β Φ 2 , for a curved medium with 16 metric perturbations (a 0 = 0.1, r 0 = 4) for different grid resolutions ∆ −1 , as depicted in Fig. 6 . As can be seen, the distance between the curves decreases rapidly with increasing resolution, which can be quantified by the relative L 2 -difference, being less than 1% between the dashed (∆ = simulation results are not appreciably affected by finite resolution effects (up to an error of about 1% for ∆ = 1 2 ). We also have checked that our simulation results are not constrained by the positions of the inlet and outlet. To this end, we have performed additional simulations, putting inlet and outlet twice as far from the metric perturbations, observing that our simulation results do not change with the inlet and outlet positions (if they are sufficiently apart as in all the simulations presented in the paper).
Soap film experiment
The soap film in Fig. 1 in the Letter has been created by spanning a film, made of a commercial soap bubble solution, between two parallel vertical wires like in Ref. [14] . The flowing soap film is driven by gravity, and an out-of-plane curvature can be achieved by applying a bundled air flow normal to the film surface. Out-of-plane curvature can also be achieved by applying an electrostatic field (e.g. by a charged balloon) or by bending the confining wires. Table II contains the fitting functions corresponding to the permeability plots in Fig. 5 in the Letter. * debusj@ethz.ch † mmendoza@ethz.ch ‡ succi@iac.cnr.it α(n) = (5.6 ± 0.5) × 10 −2 n − (8.9 ± 3.9) × 10 −5 β(n) = (1.9 ± 0.4) × 10 −2 n − (5.0 ± 3.8) × 10 
Permeability fitting functions
